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Abstract
In 1995, Garcia and Stichtenoth explicitly constructed a tower of projective curves over a finite field with
q2 elements which reaches the Drinfeld–Vla˘dut¸ bound. These curves are given recursively by covers of
Artin–Schreier type where the curve on the nth level of the tower has a natural model in Pn. In this paper,
for q an even prime power, we use point projections in order to embed these curves into projective space of
the lowest possible dimension.
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0. Introduction
For a finite field Fq of cardinality q and a smooth projective curve X defined over Fq , we
write Nq(X) for the number of Fq -rational points of X. Let Nq(g) be the maximum of Nq(X),
taken over all curves of genus g which are defined over Fq . For g → ∞, we have the following
well-known Drinfeld–Vla˘dut¸ bound [1]:
lim sup
g→∞
Nq(g)
g
√q − 1.
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was first shown independently by Ihara [2] and Tsfasman et al. [3]. Series of curves reaching this
bound have interesting applications in coding theory; they allow the construction of families of
codes with good asymptotic behaviour [4,5].
Garcia and Stichtenoth were the first to find series of curves given by explicit equations ([6,7]
and many more) reaching this bound. Their main idea is to define towers of curves · · · → Xn →
Xn−1 → ·· · → X1 where the curves Xi are constructed recursively by taking fibre products.
This recursive definition makes these curves easy to use in applications (e.g. [8]). In this paper,
we deal with the second Garcia–Stichtenoth tower from [7] which is defined by simple equations
of Artin–Schreier type.
On the nth level of this tower, the curve Xn has a natural (although singular) model in n-
dimensional projective space. However, it is natural to study the existence of suitable models in
lower-dimensional space. For applications, it is desirable to preserve the structure of the original
curve. For the curves Xn, there is an open set Un whose rational points split completely in the
tower. Thus, the set Un determines the asymptotic behaviour of the tower. Our main goal is to
find a birational morphism π :Xn → Yn ⊂ Pr with r as small as possible, such that:
(A) the set Un is mapped one-to-one;
(B) π(Un) is nonsingular.
A simple argument shows that, for a morphism satisfying (A) and (B), the minimal dimension r
is at least n/2. In this paper, we show the following results:
Theorem 0.1. There exist morphisms Xn → Yn ⊂ Pr satisfying (A) and (B) with
(i) r ∼ n/2, if q is even,
(ii) r ∼ 2n/3, if q is odd.
For q even, this is the best possible result.
1. The second Garcia–Stichtenoth tower
In this section, we recall and study the construction of the tower from [7]. Let q2 be a square
prime power; let Fq2 denote the finite field with q2 elements. We define curves X′n ⊂ (P1)n as
follows:
X′n =
{
(x1, . . . , xn) ∈
(
P
1)n: f (xi) = h(xi+1), i = 1, . . . , n − 1} (1.1)
where
f (x) := x
q
1 + xq−1 , h(x) := x + x
q.
These curves can be viewed as fibre products in the following way:
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X′2
h
X′n−1
fn−1
X′1 = P1,
where πn−1(x1, . . . , xn) = (x1, . . . , xn−1) is the projection onto the first n − 1 coordinates, and
fn−1(x1, . . . , xn−1) = f (xn−1). This defines a tower of curves · · · → X′n → ·· · → X′1. Replac-
ing the curves X′n by their normalization induces a tower of smooth curves, with the following
asymptotic properties:
Theorem 1.1. For the tower above defined by (1.1), the following asymptotic equalities hold:
(i) #X′n(Fq2) ∼ qn(q − 1);
(ii) g(X′n) ∼ qn.
Thus, the limit of the tower satisfies
lim
n→∞
#X′n(Fq2)
g(X′n)
= q − 1.
In other words, the tower above attains the Drinfeld–Vla˘dut¸ bound. Such a tower is called as-
ymptotically optimal.
Proof. See [7]. 
The asymptotic behaviour of the genus can be shown by calculating the ramification behaviour
of each field extension and applying the Hurwitz genus formula (a simpler and more general
approach can be found in [9]). The number of rational points is rather easy to compute.
In order to find a model in ordinary projective space Pn, we replace the curves X′n by the
affine curves
Xn =
{
(x1, . . . , xn) ∈ An: f (xi) = h(xi+1), i = 1, . . . , n − 1
}
= {x: (1 + xq−1i ) · (xi+1 + xqi+1)− xqi = 0, i = 1, . . . , n − 1}
= X′n ∩An ⊂ An. (1.2)
By suitable choice of homogenous coordinates (T1, . . . , Tn, Tn+1) in Pn = An ∪ H, with H =
V (Tn+1) the hyperplane at infinity, we may take the projective closure of the curve Xn, which,
by abuse of notation, we will call Xn as well. On the curve Xn, we take the following open set
Un :=
{
(x1, . . . , xn) ∈ Xn: xi + xqi = 0 for all i = 1, . . . , n
}
. (1.3)
We have the following result:
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(i) #Mn = qn(q − 1).
(ii) Un is nonsingular.
(iii) Xn \ Un = (Xn ∩H) ∪ Zn, with
Zn :=
{
(0 : · · · : 0 : α : 1), αq + α = 0}. (1.4)
Proof. The first claim follows from [7, Lemma 3.9]. To show (ii), we consider the (n − 1) × n
Jacobian matrix for a point x ∈ Xn, which can be calculated easily from the polynomial equa-
tions (1.2):
J (x) =
⎛
⎜⎜⎜⎜⎜⎝
−xq−21 (x2 + xq2 ) 1 + xq−11
−xq−22 (x3 + xq3 )
. . .
. . . 1 + xq−1n−2
−xq−2n−1 (xn + xqn ) 1 + xq−1n−1
⎞
⎟⎟⎟⎟⎟⎠ .
If x lies in Un, then xi = 0, xi + xqi = 0 for all i. Thus, the entries in the diagonal are nonzero,
the matrix has rank n − 1, and the point x is nonsingular.
For (iii), we consider only the points in the affine part. The inclusion Zn ⊂ Xn \Un is obvious.
Now let x = (x1 : · · · : xn : 1) ∈ Xn \Un; i.e. xi +xqi = 0 for one i. If xi = 0, then xi+1 +xqi+1 = 0,
so we may assume that i is maximal with xi + xqi = 0. This implies xi−1 = · · · = x1 = 0. For
i = n, this means exactly x ∈ Zn. For i < n, we have f (xi) = ∞, so this does not describe any
point of Xn. 
Over an algebraically closed field, it is a well-known fact that any curve can be embedded into
P
3 by iteratively performing point projections [10, IV.3]. However, this result does not hold over
a finite field, as P3 contains only a finite number of rational points.
Our goal is now to find a rational embedding (i.e. a birational morphism) π :Xn → Yn ⊂ Pr
with r as small as possible with the following conditions:
(A) the open set Un is mapped one-to-one;
(B) π(Un) is nonsingular.
Note that (A) already implies that π is birational. We denote with Eq(Xn) the smallest possible r
for which such a birational morphism exists. Counting points gives us a simple lower bound:
Lemma 1.3. We have
(i) Eq(Xn) > n/2, for q > 2.
(ii) E2(Xn) n/2, for q = 2.
Proof. The number of rational points in n-dimensional space is given as follows:
#Pr (Fq2) = q2r + q2r−2 + · · · + 1 =
q2r+2 − 1
2 .q − 1
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implies #Pr (Fq2) (q − 1) · q2r for q > 2. Thus 2r > n respectively r > n/2, r ∈ N. For q = 2,
we have #Pr (F4) < 22r+1 and #Mn = 2n. Thus 2r + 1 > n respectively r  n/2, r ∈ N. 
The main idea is to perform point projections to find suitable embeddings.
2. Point projections in projective space
Choose a point O ∈ Pn, and a hyperplane W ∼= Pn−1 not containing O . Then we define a
rational map
πO,W :P
n \ {O} → W ∼= Pn−1, P → OP ∩ W
by sending a point P to the unique intersection point of the line through O and P and the
hyperplane W . If X ⊂ Pn with O /∈ X is a curve, then π induces a morphism from X onto its
image Y ⊂ Pn−1. This morphism is birational if and only if π is one-to-one on an open subset U .
Furthermore, we have the following well-known result:
Lemma 2.1. Let π = πO,W .
(i) Two points P and Q are mapped to the same point of W if and only if O lies on the line
through P and Q.
(ii) Let P be a nonsingular point of X such that O does not lie on the tangent line of X at P .
Suppose further that no other point of X is mapped to Q = π(P ). Then Q is a nonsingular
point of Y .
So, in order to find a projection πO,W :Xn → X(1)n ⊂ Pn−1 which satisfies (A) and (B), we
have to find a projection point O satisfying the following conditions:
(A′) The point O does not lie on any secant line PQ with P ∈ Un, Q ∈ Xn.
(B′) The point O does not lie on any tangent line of Un.
Calculations with MAGMA [11] or any other computer algebra system make it easy to find such
projection points for any given n and q . Most of these points lie in the hyperplane at infinity H.
It is, however, not our goal to find or classify all such projection points. Our goal is to define
a sequence of projections Xn → X(1)n → ·· · → X(k)n ⊂ Pn−k , such that their composition still
satisfies conditions (A) and (B). Therefore, we need to find projection points so that the image
curves X
(i)
n are easy to study. We will do so in the following sections.
2.1. Characteristic 2
In the following, let q = 2m be a power of 2. Then we find a suitable projection point as
follows:
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O := (0 : · · · : 0 : ρ : 1 : 0) ∈ H ⊂ Pn
satisfies conditions (A′) and (B′).
Proof. Assume that O lies on the secant line through points x ∈ Un, y ∈ Xn; i.e. O = λx + μy
for λ,μ ∈ Fq . At first, consider the case x = (x1 : · · · : xn : 1), y = (y1 : · · · : yn : 1) with
x, y ∈ Un. This leads to the following equations:
λxn−2 + μyn−2 = 0,
λxn−1 + μyn−1 = ρ,
λxn + μyn = 1,
λ + μ = 0.
This implies (in characteristic 2)
λ = μ = 1
xn + yn , ρ =
xn−1 + yn−1
xn + yn ,
xn−2 = yn−2, xn−1 = yn−1, xn = yn.
As x, y ∈ Un, we have the following equations:
xn + xqn =
x
q
n−1
1 + xq−1n−1
, resp. yn + yqn =
y
q
n−1
1 + yq−1n−1
. (2.1)
The identity xn−2 = yn−2 implies h(xn−1) = h(yn−1); thus we have
x
q
n−1 + xn−1 = yqn−1 + yn−1, (2.2)
resp. xn−1 + yn−1 = xqn−1 + yqn−1 = (xn−1 + yn−1)q,
resp. (xn−1 + yn−1)q−1 = 1. (2.3)
Let ρq + ρq−1 + 1 = 0. Multiplying with (xn + yn)q , we have
0 = (ρq + ρq−1 + 1)(xn + yn)q
= (xn−1 + yn−1)q + (xn−1 + yn−1)q−1(xn + yn) + (xn + yn)q
= xn−1 + yn−1 + 1 · (xn + yn) + xqn + yqn due to (2.3)
= xn−1 + yn−1 +
(
xn + xqn
)+ (yn + yn)q
= xn−1 + yn−1 +
x
q
n−1
1 + xq−1
+ y
q
n−1
1 + yq−1
due to (2.3)
n−1 n−1
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1 + xq−1n−1
+ yn−1
1 + yq−1n−1
= x
2
n−1
xn−1 + xqn−1
+ y
2
n−1
yn−1 + yqn−1
= x
2
n−1 + y2n−1
xn−1 + xqn−1
= (xn−1 + yn−1)
2
xn−1 + xqn−1
due to (2.2).
But the last term does not vanish, as xn−1 = yn−1. This leads to a contradiction; so the point O
does not lie on any secant line of Un. Now, assume that y ∈ Xn \ Un. If y = (0 : · · · : 0 : yn : 1) ∈
Zn (Lemma 1.2(iii)) and O = λx + μy, this implies
λx1 + 0 = 0, λxn−1 + 0 = ρ = 0.
As x ∈ Un, we have x1 = 0. Thus, the first equation implies λ = 0, which contradicts the second
equation. If y ∈ H, then the line through y and O lies completely in H, so it does not meet any
point of Un. These three cases prove (A′).
For any point x, the tangent line at Xn through x is given (in the corresponding affine patch) by
x + KerJ (x), where J (x) is the Jacobian matrix at x (Lemma 1.2(ii)). For x ∈ Un, this tangent
meets the hyperplane at infinity in exactly one point y = (y1 : · · · : yn : 0) with (y1, . . . , yn) ∈
KerJ (x). The equations given by the last two rows of J (x) are as follows:
(−xn−2(xn−1 + xqn−1)) · yn−2 + (1 + xq−1n−2 ) · yn−1 = 0,(−xn−1(xn + xqn )) · yn−1 + (1 + xq−1n−1 ) · yn = 0.
For x ∈ Un, 1 + xq−1i = 0, xi = 0 for all 1  i  n (see (1.3)). So, all these coefficients are
nonzero, and it is easy to see that the coordinates of O do not satisfy these equations. So O does
not lie on any tangent line of Un; this proves (B′). 
Remark 2.3. The equation
ρq + ρq−1 + 1 = 0 (2.4)
is equivalent to f (ρ) = ρq/(1 + ρq−1) = 1; so (2.4) has exactly q roots which lie in Fq2 .
We have seen that the point O satisfies conditions (A′) and (B′). If we choose W = V (Tn),
the projection π := πO,W is given explicitly as follows:
π :Xn → Pn−1, (x1 : · · · : xn+1) → (x1 : · · · : xn−2 : xn−1 + ρxn : xn+1).
Lemma 2.2 proves that π satisfies conditions (A) and (B). We denote the image of Xn (respec-
tively Un) with X(1)n (respectively U(1)n ). We observe that π leaves the first n − 2 coordinates of
points in Xn unchanged. This means that projecting X(1)n onto these coordinates gives exactly
the curve Xn−2, and U(1)n maps to Un−2.
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conditions (A′) and (B′) for X(1)n respectively U(1)n . If a point lies on a tangent line or secant line
of X(1)n , then his image point lies on a tangent or secant of Xn−2. So we may apply Lemma 2.2
for Xn−2 to find a suitable projection point for X(1)n . This leads to the following result:
Lemma 2.4. Let ρ ∈ Fq2 with ρq + ρq−1 + 1 = 0. Then for n 5, the point
O(1) := (0 : · · · : 0 : ρ : 1 : 0 : 0) ∈ Pn−1
satisfies conditions (A′) and (B′) for X(1)n respectively U(1)n .
Projecting from O(1) to the hyperplane V (Tn−2) now induces—after composition with
πO,W —a birational morphism
Xn → X(2)n ⊂ Pn−2,
(x1 : · · · : xn+1) → (x1 : · · · : xn−4 : xn−3 + ρxn−2 : xn−1 + ρxn : xn+1)
which maps the open set Un one-to-one onto a nonsingular open set U(2)n . Once again, projecting
down onto the first n − 4 coordinates gives the curve Xn−4. Continuing this way, we may apply
Lemma 2.2 iteratively and get the following result:
Proposition 2.5. Let ρ ∈ Fq2 with ρq + ρq−1 + 1 = 0.
(i) Let n 3 odd, k := n−12 . Then the morphism
Xn → X(k)n ⊂ Pk+1,
(x1 : · · · : xn+1) → (x1 : x2 + ρx3 : · · · : xn−1 + ρxn : xn+1)
is birational and maps Un one-to-one onto a nonsingular open set U(k)n ⊂ X(k)n .
(ii) Let n 4 even, k := n−22 . Then the morphism
Xn → X(k)n ⊂ Pk+2,
(x1 : · · · : xn+1) → (x1 : x2 : x3 + ρx4 : · · · : xn−1 + ρxn : xn+1)
is birational and maps Un one-to-one onto a nonsingular open set U(k)n ⊂ X(k)n .
Combining with Lemma 1.3, this leads to the main theorem of this section:
Theorem 2.6. For q = 2m, we have:
(i) n2 + 1Eq(Xn) n2 + 2, if n is even;
(ii) Eq(Xn) = n+12 , if n is odd.
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Now, let q be an odd prime power. In this situation, Lemma 2.2 does not yield any projection
points which are defined over Fq2 . In order to generalize Lemma 2.2 for arbitrary characteristics,
one needs a solution of ρq − ρq−1 + 1 = 0, which in general does not exist in Fq2 if q is odd.
Therefore, we need a different approach in order to characterize suitable projection points. More-
over, for small odd prime powers, calculations in MAGMA [11] did not yield any suitable points
for projecting down from dimension 3 to dimension 2—in contrast to what one would expect
from Lemma 2.2. It is therefore not clear whether one can project down into dimension ∼ n/2.
Still, looking for projection points in dimension 4 and above leads to the following observation
which is valid in any characteristic:
Lemma 2.7. Let q be any prime power, and let ρ ∈ Fq2 \ Fq . Then for n 4, the point
O = (0 : · · · : 0 : ρ : 0 : 1 : 0) ∈ H ⊂ Pn
satisfies conditions (A′) and (B′).
Proof. Assume that O lies on the secant line through points x ∈ Un, y ∈ Xn; i.e. O = λx + μy
for λ,μ ∈ Fq . At first, consider the case x = (x1 : · · · : xn : 1), y = (y1 : · · · : yn : 1) with
x, y ∈ Un. This leads to the following equations:
λxn−3 + μyn−3 = 0,
λxn−2 + μyn−2 = ρ,
λxn−1 + μyn−1 = 0,
λxn + μyn = 1,
λ + μ = 0.
This implies
ρ = xn−2 − yn−2
xn − yn , xn−3 = yn−3, xn−1 = yn−1.
As xn−3 = yn−3 and x, y ∈ Un, this implies
x
q
n−2 + xn−2 = yqn−2 + yn−2,
resp. yn−2 − xn−2 = xqn−2 − yqn−2 = (xn−2 − yn−2)q .
In analogy, from xn−1 = yn−1 and x, y ∈ Un, we have
yn − xn = (xn − yn)q .
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ρq =
(
xn−2 − yn−2
xn − yn
)q
= yn−2 − xn−2
yn − xn = ρ.
Thus ρ ∈ Fq , which contradicts our assumptions. So O does not lie on any secant line of Un. As
in Lemma 2.2, one sees that O does not lie on any line through x ∈ Un and y ∈ H or y ∈ Zn as
well. This proves (A′).
As in Lemma 2.2, the tangent line at a point x ∈ Xn meets the hyperplane at infinity in exactly
one point y = (y1 : · · · : yn : 0) with (y1, . . . , yn) ∈ KerJ (x). The equations given by the last
three rows of J (x) are as follows:
(−xn−3(xn−2 + xqn−2)) · yn−3 + (1 + xq−1n−3 ) · yn−2 = 0,(−xn−2(xn−1 + xqn−1)) · yn−2 + (1 + xq−1n−2 ) · yn−1 = 0,(−xn−1(xn + xqn )) · yn−1 + (1 + xq−1n−1 ) · yn = 0.
For x ∈ Un, all these coefficients are nonzero, and as in Lemma 2.2, one sees that the coordi-
nates of O do not satisfy these equations. So O does not lie on any tangent line of Un, which
proves (B′). 
We may now project onto the hyperplane W = V (Tn). The projection π := πO,W is given
explicitly as follows:
π :
{
Xn → Pn−1,
(x1 : · · · : xn+1) → (x1 : · · · : xn−3 : xn−2 + ρxn : xn−1 : xn+1).
Lemma 2.7 ensures that π maps the open set Un one-to-one onto a nonsingular open set U(1)n .
As in the preceding section, projecting X(1)n onto the first n − 3 coordinates gives exactly the
curve Xn−3, and U(1)n maps to Un−3. This allows us to project down iteratively as follows:
Proposition 2.8. Let ρ ∈ Fq2 \ Fq .
(i) Let n ≡ 1 (mod 3), n 4. Set k := n−13 . Then the morphism
Xn → X(k)n ⊂ P2k+1,
(x1 : · · · : xn+1) → (x1 : x2 − ρx4 : x3 : · · · : xn−5 − ρxn−3 : xn−4 : xn−2 − ρxn : xn−1 : xn+1)
is birational and maps Un one-to-one onto a nonsingular open set U(k)n ⊂ X(k)n .
(ii) Let n ≡ 2 (mod 3), n 5. Set k := n−23 . Then the morphism
Xn → X(k)n ⊂ P2k+2,
(x1 : · · · : xn+1) → (x1 : x2 : x3 − ρx5 : · · · : xn−5 − ρxn−3 : xn−4 : xn−2 − ρxn : xn−1 : xn+1)
is birational and maps Un one-to-one onto a nonsingular open set U(k)n ⊂ X(k)n .
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Xn → X(k)n ⊂ P2k+3,
(x1 : · · · : xn+1) → (x1 : x2 : x3 : x4 − ρx6 : x5 : · · · : xn−4 : xn−2 − ρxn : xn−1 : xn+1)
is birational and maps Un one-to-one onto a nonsingular open set U(k)n ⊂ X(k)n .
Combining with Lemma 1.3, this yields the following result:
Theorem 2.9. For any prime power q , we have
Eq(Xn)
⎧⎪⎨
⎪⎩
2n
3 + 1 if n ≡ 0 (mod 3),
2n+1
3 if n ≡ 1 (mod 3),
2n+2
3 if n ≡ 2 (mod 3).
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